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The m a x i m u m - d i s c h a r g e  p r inc ip le  is widely used to ca lcula te  the radius of the air  vor tex  [1]. However,  this 
p r inc ip le  has not been just if ied theoret ical ly .  Other ex t remal  pr inc ip les  ([2], for  example) which yield s i m i l a r  resu l t s  
have also been proposed.  

Several  a t tempts  have been made to justify the m ax im um -d i s cha rge  pr inc ip le  [3, 4]. However,  these studies have 
essent ia l ly  shown that this p r inc ip le  admits var ious  equivalent formulat ions.  Here  it is important  to note that the 
max imum-d i scha rge  p r inc ip le  was formulated for wei rs  with a broad threshold,  a pa r t i cu la r  ease  being the centr i fugal  
e jec tor  with a long nozzle.  There fo re  this pr inc ip le  applies ideally to the case  of an infinite nozzle [1]. Our analysis 
is made under  the assumption that the nozzle is infinitely long (phenomena at the nozzle exit section a re  not eonsid-.  
ered).  

Within the f ramework  of the hydraulic formulat ion of the problem,  which has been the only approach used to date, 
the use of ex t remal  pr inc ip les  or  other  additional conditions is necessa ry .  The object ive  of the p resen t  study is the 
hydrodynamic solution of the problem of ideal fluid flow in a geomet ry  which differs  in the aforement ioned way from 
the geomet ry  of the rea l  centr i fugal  e jector .  In this formulat ion we have a typical problem of ideal fluid je t  theory, 
whose solution does not r equ i r e  additional conditions of the ex t remal  pr inc ip le  type. The condition that the ideal fluid 
flow be potential, supplies the miss ing  re la t ion  for c losu re  of the sys tem of equations in the hydraulic formulat ion.  The 
hydrodynamic methods for  solution of the problem make it poss ib le  to de te rmine  the physical  meaning of the m a x i m u m -  
d i scharge  pr inciple .  

1. Numer ica l  solution of the problem.  Consider  ax i symmet r i c  flow of an ideal incompress ib le  fluid in the region 
shown in Fig. 1. Here  DCC'D'  is a segment  of the infinite nozzle.  In the calculat ions the sect ion CC' is considered to 
be sufficiently distant f rom the entrance so thas the flow at this sect ion can be considered uniform; ABB'A'  is the 
liquid f r ee  surface .  The swir l ing fluid s t r eam enters  through F E E ' F ' .  The overa l l  fluid d i scharge  ra te  Q and the 

veloci ty  c i rcula t ion  F are  given. 

J 

F s 

Fig. 1. Axial sect ion of idealized 
eentr  ifugM ejector~ 

z cyl indr ica l  coordinates  and seek the harmonic  veloci ty  potential  function de termined  from the We introduce r,  
following conditions: 

0T 0~ 
0-~ ~0 on A B ,  CD, DR ,  FA;  0-~-~--i on E F  

0q) 25Z vo~b ~ voeb "- 
On - -  a ~ - - y l  ~ on BC,  ( D ~ . v ~ +  y~ - -  yo~ = 0  on A B  (1.1) 

(v0~F/2ab, v ~ v r  ~+vz ~) 

Here  r = y(z) is the equation of the unknown-f ree - sur face  generat ix .  The las t  condition r e q u i r e s  that the 
p r e s s u r e  on sur face  AB be constant. In all the preceding formulas  the d i scharge  Q was taken as the scale  for the 
d imens ionless  potential ,  and the radia l  veloci ty  at the sect ion F E E ' F '  was taken as the veloci ty  scale.  
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F o r  l a t e r  u s e  we find f r o m  (1.1) 

I 1 ~1~ 
yo~ _ yl2 + v~ ~ (a~. _ yi~)~ ( 1 . 2 )  

We a s s u m e  that  c u r v e  AB is  given.  Then  the funct ion  r is found by so lv ing  the Neumann  p r o b l e m  

A(p = O, Oq~ / an = / (N) 

H e r e  n is the ou tward  n o r m a l  to the  boundary  of the  reg ion ,  and N is a point  on the boundary .  By u s e  of the 
G r e e n ' s  f o r m u l a  th is  p r o b l e m  can be r educed  to an i n t e g r a l  equat ion  of  the  f o r m  

H e r e  

oG dS = l / (N) radS ( 1 . 3 )  I [ , ~  (N) - 9 (No)] ~ 
S S 

x [ 2q \V~ 

q ~ 2rro ,  p - ~  q ~ ( r  - -  ro) ~ -~- ( z  - -  zo)  z 

H e r e  N O is  the " o b s e r v a t i o n  po in t " ;  S is the con tour  bounding the f low reg ion ;  K(x) is the c o m p l e t e  e l l ip t i c  
i n t e g r a l  of the  f i r s t  kind. 

F o r  the n u m e r i c a l  so lu t ion  the i n t e g r a l s  w e r e  r e p l a c e d  by f in i t e  sums  us ing  the Gauss  q u a d r a t u r e  f o r m u l a s .  
E igh t  po in t s  w e r e  taken on al l  the s e g m e n t s  o t h e r  than BC and EF ;  on BC and E F  one poin t  was  taken at  the midpo in t  
of  each  i n t e rva l .  The s i n g u l a r i t y  on the r i g h t - h a n d  s ide  of (1.3) was  i so l a t ed  on the  b a s i s  of the  a sympto t i c  r e p r e -  
sen ta t ion  

4 
K (x) ~ In ~ q- 0 (i - -  z ~) when x --, i 

Denot ing  the s e l e c t e d  po in t s  by N i (i = 1 , . . . ,  34), f r o m  (1.3) we obta in  the s y s t e m  of l i n e a r  equat ions  

egg ~.~ (~=,. ,3~) 

w h e r e  @i is  the va lue  of the r i g h t - h a n d  s ide ,  c a l c u l a t e d  fo r  N0N i. 

S ince  fo r  k = i the c o r r e s p o n d i n g  t e r m  v a n i s h e s ,  we  can w r i t e  

oa Ik.~ (k 4 i), B~,~=-- ~ oa B~,~=e~,~rk-'~ j~icjrj--~n lj,i (k=i) (1.4) 

The  v e l o c i t y  po ten t i a l  is d e t e r m i n e d  to wi th in  a cons tan t ,  and t h e r e f o r e  we can se t  ~0u = 0 and drop  one equat ion.  

The f inal  f o r m  of the s y s t e m  f r o m  which qh was  found is 

33 

~, B~,~%=O~ ( i = t  . . . . .  33) (1.5) 

F o r  a g iven  boundary  shape  38 seconds  of m a c h i n e  t i m e  is r e q u i r e d . o n  the  M-20 c o m p u t e r  to f ind ~i" 

The v e l o c i t y  was  ca l cu l a t ed  us ing  the f o r m u l a  

i a %  

w h e r e  the d i f f e r en t i a t i on  was p e r f o r m e d  n u m e r i c a l l y  us ing  f in i te  i n c r e m e n t s .  This  s c h e m e  m a k e s  it p o s s i b l e  to so lve  
the p r o b l e m  when the  shape  of the  flow r e g i o n  is known. 
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To find the unknown f r e e  boundary ,  c u r v e  AB was v a r i e d  unti l  condi t ion  (1.1) was  s a t i s f i e d  at the e ight  i n t e r i o r  
poin ts .  The  unknowns w e r e  the  ten o r d i n a t e s  of the f r e e  b o u n d a r y - - e i g h t  i n t e r i o r  and two end poin t  o rd ina t e s .  The  
two addi t ional  condi t ions  w e r e  r e l a t i o n  (1.2) and the  condi t ion  d y / d z  = 0 fo r  z = 0, e x p r e s s i n g  the r e q u i r e m e n t  that  
the f r e e  s u r f a c e  be  o r thogona l  to the end wal l  AF. The r e s u l t i n g  n o n l i n e a r  s y s t e m  of equat ions  was so lved  by a method  
cons i s t i ng  of a c o m b i n a t i o n  of  the N e w t o n - K o l m o g o r o v  method  and a mod i f i ca t i on  thereof .  

The magn i tude  of the  r e l a t i v e  r a d i u s  y l / a  of the  a i r  v o r t e x  found in this  way is shown as c u r v e  2 in Fig .  2. 
The a b s c i s s a  is  the quant i ty  m = 2 Q / F a  = l / A ,  w h e r e  A is  the g e o m e t r i c  c h a r a c t e r i s t i c  of the e j e c t o r .  

f~_ F 

l 2 

Fig.  2. Asympto t i c  r ad ius  of the  annular  
d i scon t inu i ty  v e r s u s  the p a r a m e t e r  m.  

2. A p p r o x i m a t e  p r o b l e m  solut ion.  We take the o u t e r  r ad ius  R of the exi t  tube as the length s ca l e .  

We c o n s i d e r  ideal  f luid flow in a r eg ion  s i m i l a r  to the f low r e g i o n  in the e j e c t o r  (Fig. 1). H e r e  GG'K 'K is  t he  
inne r  c y l i n d r i c a l  wa l l  of r ad ius  r 0. F o r  su f f i c i en t ly  l a r g e  v a l u e s  of A, when the point  of l iquid  s e p a r a t i o n  l i e s  on F F ' ,  
this  wal l  does  not  a f fec t  the f o r m  of the  r e g i o n  occup ied  by the l iquid.  With r e d u c t i o n  of A, Y0 d i m i n i s h e s .  When 
Y0 = r0 the f r e e  s u r f a c e  con tac t s  the inne r  cy l i nde r  at one point.  F u r t h e r  r educ t ion  of A shi f t s  the poin t  of  l iquid  
s e p a r a t i o n  f r o m  the  wal l  F F '  to GG'K 'K (point N), and the  c o o r d i n a t e  Z N of the poin t  I~ is the  l a r g e r  the c l o s e r  the 
v a l u e  of A to the c r i t i c a l  va lue  A0, fo r  which the  e n t i r e  r e g i o n  be tween  the two coax ia l  c y l i n d e r s  is f i l l ed .  As  
Z N ~ O  , yl ~ r o .  

Le t  Z N be  l a r g e .  In th is  c a s e  the in f luence  of the  l iquid e n t r a n c e  condi t ions  on the f o r m  of the  f r e e  s u r f a c e  is 
van i sh ing ly  s m a l l  and we  can a s s u m e  that  f low t akes  p l ace  in an inf in i te  s t r i p  as shown in Fig.  3. The  l a r g e r  ZN, 
the  m o r e  p r e c i s e l y  t he  c o r r e s p o n d e n c e  be tween  the o r ig ina l  f low (Fig. 1) and the f low in the s t r i p  (Fig.  3) is sa t i s f i ed .  

T N ~; 
K 

Fig .  3. Ax ia l  s ec t ion  of 
s i m p l i f i e d  f low r e g i o n .  

We i n t r o d u c e  the s t r e a m  funct ion r which is  known to s a t i s fy  the condi t ions  

0~p 0 ~  t 09 i 09 i 09 (2.1) 
-g~z~ -4- -g~-r~ - -  r -~-r ~ O, v r  = - -  r Oz ' Vz = r Or 

Le t  r = 0 fo r  r = 1 and r = Q/2~r on the  l ine  TNM. T h e s e  a r e  the s t anda rd  boundary  condi t ions  fo r  the s t r e a m  
funct ion.  M o r e o v e r ,  the cons tan t  p r e s s u r e  condi t ion  m u s t  be  s a t i s f i e d  on the f r e e  boundary  NM: 

t 0~p ~ F ~ F ~ 
"~-~r + 4.~y ~ -- 4~t~r0 ~ -~- VN2 

(2.2) 

w h e r e  v N is the unknown axia l  v e l o c i t y  at the s e p a r a t i o n  point  N. Le t  the c u r v e  TNM be  d e s c r i b e d  by the  funct ion 
r = y(z}. Then  f r o m  (2.1), o n N M  with  the aid of L a v r e n t ' e v - M o i s e e v  n a r r o w  s t r i p  theory  [5, 6], which  m a k e s  it  
p o s s i b l e  to find the a sympto t i c  L a p l a c e  equa t ions  in r e g i o n s  n e a r  the  s t r i p ,  we obta in  
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--y~ \'-0"7"r] -- g~(i--y2)~ { t + y  ~ ~ - - l + ~ ) } "  Y / y 2 _ l  (2.3) 

In (2.3) t e r m s  p r o p o r t i o n a l  to the  t h i r d  and h i g h e r  d e r i v a t i v e s  of y, w h i c h ,  a s  wi l l  be  s h o w n  l a t e r ,  a p p r o a c h  z e r o  a s  
zN ~ ~o, a r e  d ropped .  

F r o m  (2.2) wi th  a c c o u n t  f o r  (2.3) we o b t a i n  

(2.4) 

Here  

y , r, ~ ~o 
* = r e  ~, 8 ~  r~" I t -  4ro~Q~ , v= v7i2 Q.. 

F r o m  the  d e f i n i t i o n  of 5 and the  r e q u i r e m e n t  t h a t  the  f r e e  s u r f a c e  l e a v e  t h e  wa l l  a long  the  t angen t ,  we  h a v e  at 
the  p o i n t  N t he  b o u n d a r y  c o n d i t i o n s :  6 = 1, d 6 / d z  = 0. E x p a n d i n g  t he  l o g a r i t h m  in (2.4) in to  a s e r i e s  and i n t r o d u c i n g  
t he  s m a l l  q u a n t i t y  s = 6 2 - 1, we o b t a i n  

"~ d z  2 = . ~ -  ~ _ 

T 2 

M u l t i p l y i n g  (2.5) by  d s / d z  and i n t e g r a t i n g  (at  the  s e p a r a t i o n  po in t  s = 0 and d s / d z  = 0), we o b t a i n  

(2.5) 

-i~ \ ~ f ]  = [-i-~--t ~ , O - T ) ] s  + [ (1 - -~ )~  ~ - ~ - t ~ O - ~ ) / Y +  
�9 , 1 : 2  ,~8 

(2.6) 

F o r  l a r g e  bu t  f i n i t e  z N and as  z ~ ~ ,  s a p p r o a c h e s  i t s  a s y m p t o t i c  v a l u e  s o and d s / d z  a p p r o a c h e s  z e r o  
( a s y m p t o t i c a l l y  u n i f o r m  flow). H e n c e  i t  is  c l e a r  t h a t  t he  r i g h t - h a n d  s i d e  of (2.6) m u s t  h a v e  t he  m u l t i p l e  r o o t  S o . 

As z N ~ r162 

Q2 t 
v N 2 - - - ,  :n~(t .0~ , v---, (t .0. ~ 

t h e r e f o r e  the  r o o t  m u l t i p l i c i t y  c o n d i t i o n  l e a d s  to t he  f i l l i ng  c r i t e r i o n  

2rd (2.7) 
-- (t --  rdp 

It i s  o b v i o u s  t h a t  (2.7) c o i n c i d e s  wi th  t he  c o r r e s p o n d i n g  r e l a t i o n  of the  m a x i m u m - d i s c h a r g e  p r i n c i p l e  bu t  ha s  a 
d i f f e r e n t  m eani.ng. 

F r o m  the  m u l t i p l i c i t y  c o n d i t i o n  f o r  v = 0 we o b t a i n  the  c o n n e c t i o n  b e t w e e n  the  p a r a m e t e r s  f o r  f low wi thou t  the  
i n n e r  wal l :  

(2v + le/a) -~- ]/(2v + IG/8)~ + s~-/aT2 
= 2 (i --  ~)" (v = ys (2 .S) 

A f t e r  d i f f e r e n t i a t i n g  (2.5) the  r e q u i r e d  n u m b e r  of t i m e s ,  we c a n  s e e  t h a t  as z N ~ o ,  d s / d z ,  d 2 s / d z  2 ~> d 3 s / d z  3, 
d 4 s / d z  4, a n d s o  on, and  t he  i n e q u a l i t y  b e c o m e s  s t r o n g e r  w i th  i n c r e a s e  of ZN, so  t h a t  in  the  l i m i t  Eq .  (2.3) b e c o m e s  exac t ,  

and  c o n s e q u e n t l y  the  c r i t e r i o n  (2.7) i s  e x a c t .  

T h u s ,  the  r e l a t i o n s  wh ich  r e s u l t  f r o m  the  m a x i m u m - d i s c h a r g e  p r i n c i p l e  h a v e  the  m e a n i n g  of t h e  c r i t e r i o n  f o r  
f i l l i ng  of the  c a n o n i c a l  r e g i o n  in  q u e s t i o n .  

3. E x p e r i m e n t a l  s t u d i e s  of  ax i a l  a n n u l a r  f low p a r a m e t e r s .  The  f o r m u l a s  of s e c t i o n s  1 and 2 w e r e  d e r i v e d  fo r  an 
i d e a l  l iquid .  T h e r e f o r e  in p r e p a r i n g  f o r  and c o n d u c t i n g  t he  e x p e r i m e n t  p a r t i c u l a r  a t t e n t i o n  w a s  d e v o t e d  to r e d u c i n g  as  
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fa r  as poss ib le  the v i scos i ty  of the rea l  liquid. This is achieved by high liquid ve loc i t ies  (up to 20 m / s e e )  and la rge  
cha rac t e r i s t i c  dimensions of the flow region. 

The chamber  model is a cyl inder  composed of 32 vanes with a d ischarge  nozzle. The vane axes were  located on a 
2 8 0 - m m - d i a m e t e r  c i rc le .  The cyl inder  height was 30 mm. The chamber  was located in a housing made in spi ra l  form. 
The spi ra l  inlet makes  poss ib le  uniform distr ibut ion of the fluid around the c i r c u m f e r e n c e  of the guide vanes. Each 
90-ram-long vane can rota te  about its axis through angles f rom 0 to 65 ~ r e l a t ive  to the radius.  Simultaneous rotat ion 
of all 32 vanes is accompl ished with the aid of a special  pivoting device.  The inner  d iamete r  of the nozzle  is 72 ram, 
and its length is 700 ram. 

The most  important  cha rac t e r i s t i c  of this flow geomet ry  is the ratio of the liquid c i rcula t ion  (charac te r iz ing  
the intensity of the tangential  motion) to the d i scharge  rate.  The descr ibed guide vane apparatus made it poss ib le  to 
change this rat io.  

The inclination a of the vanes to the radius pass ing through the vane axis de te rmines  the hum er ica l  value of the 
rat io  as follows. Let  the liquid veloci ty  in the space between the vanes be v 0. Then at the radius R 

% ~ Vo sina, vr ~ Vo cosa, F ~ 2:~R%, Q ~ 2nRhv r 

1 2Q 2h t 
m~ A -- Fa -- a tga 

Thus the p a r a m e t e r  A is defined uniquely in t e rms  of the angle and the apparatus dimensions.  

The rad ius  of the a i r  vo r t ex  was measu red  at the distance 400 mm f rom the nozzle ent rance  by a probe 
introduced through a por t  in the end wail. The nozzle was fabr icated f rom glass  so that the instant of probe contact  
with the liquid su r face  can be c lea r ly  observed  with the use of specia l ly  se lec ted  illumination. 

The resul t ing  values of y l / a  in the range of m from 0.8 to 2 for the case  l / a  = 0.83 are  shown in Fig. 2 (solid 
c i rc les ) .  Also shown is curve  1, which cor responds  to the max imum-d i scha rge  pr inciple .  Curve  3 is plotted using 
(2.8). 
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